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ABSTRACT
The purpose of this paper is to quantitatively investigate the nature of 
Rachmaninoff’s playing, with a specific focus on his own compositions. The primary 
source of data for this study is inter-onset intervals, which will be captured through the 
use of Sonic Visualiser. Inter-onset intervals are calculated by taking the difference 
between the onset of two adjacent notes, and can be used to calculate an instantaneous 
tempo. Various statistical methods will be used, including the variance, moving average, 
Pearson correlation coefficient, and a custom defined metric. The calculation of variance 
is especially useful in detecting major deviations from the average tempo in certain 
sections. These tempo fluctuations are either accelerandos or ritardandos whose data can 
be fit to a curve using a program called MATLAB. The resulting equations can then be 
compared with other sections of the piece, or with other pianists’ recordings of the same 
piece. This study will also include a comparison between Rachmaninoff and several other 
pianists; his playing will be compared to the group average as well as to each individual 
pianist. The individual comparisons will make use of the Pearson correlation coefficient, 
which provides a measure of how similar two datasets are to one another.   
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CHAPTER 1 
INTRODUCTION
Sergei Vasilyevich Rachmaninoff (1873-1943), a Russian pianist and composer, 
was perhaps one of the greatest pianists who ever lived. His compositions consist of 
numerous pieces in late romantic style, as well as more modern twentieth century pieces. 
According to Barbara Hanning, “Rachmaninoff, like Tchaikovsky, cultivated a 
passionate, melodious idiom. Some have dismissed his music as old-fashioned; but, like 
other composers in the first modern generation, he sought a way to appeal to listeners 
enamored of the classics by offering something new and individual yet steeped in 
tradition… He focused on other elements of the Romantic tradition, creating melodies 
and textures that sound both fresh and familiar.”1 
He was born in a wealthy musical family with five siblings. However, two of his 
sisters died at a young age. In addition, his parents decided to separate. With the constant 
turmoil of the family tragedies, he had not paid much attention to schoolwork. 
Consequently, he lost his scholarship and in 1885 his mother had to transfer him to 
another school, the Moscow Conservatory. 
He possessed an uncanny memory, flawless pianistic technique, and made a 
career as both pianist and composer. He displayed a virtuosic piano skill at a young age 
and was awarded the ‘Rubinstein scholarship’ at the age of fifteen. His older sister 
1 Barbara Russano Hanning, Concise History of Western Music: The First Modern 
Generation (New York, NY: W. W. Norton & Company, Inc., Publishers, 2010), 540. 
2 
introduced him to Tchaikovsky’s music, who was his teenage idol. From 1873 to 1900, he 
mainly concentrated on compositions by studying with Nikolay Zverev in the Moscow 
Conservatory. He spent significant time developing large repertoire to help earn money 
performing. During the time he was studying in the Moscow Conservatory, he met 
Alexander Scriabin, who became his life-long friend. After Scriabin’s death, 
Rachmaninoff performed recitals of Scriabin’s works to raise money for his widow. 
Before that, he mainly focused on his own compositions and frequently performed his 
own pieces in public.  
In addition, his piano compositions were highly influenced by vocal works, with 
expressive and long-line melodies. His opera Aleko, composed in 1892, earned him huge 
success and gained Tchaikovsky’s approval of his compositions. Between 1918 and 1942, 
Rachmaninoff only composed six new works, with some revised versions of his old 
pieces. According to his own quote, “I left behind my desire to be a composer: losing my 
country, I lost myself also.”2 Nevertheless, he gained a high reputation as a successful 
pianist. 
During the time period of Tchaikovsky’s death in 1893, Rachmaninoff fell into a 
deep depression. He started to feel unwell in composing, teaching piano, and touring. By 
1900, his family suggested that he seek professional treatment. Thanks to the doctor, 
Nikolai Dahl, Rachmaninoff was inspired and was able to complete his second piano 
concerto. Rachmaninoff became as he said, “like a ghost, wandering forever in the 
2 Barrie Martyn, Rachmaninoff: Composer, Pianist, Conductor (New York, NY: 
Routledge, Inc., Publishers, 2016). 2. 
3 
world.”3 He had to move to Dresden, Germany to leave the political turmoil in Russia in 
1906 and lived there with his family until 1909. In 1917, communist authorities seized 
Rachmaninoff’s estate and the family needed to travel away immediately. In 1918, 
Rachmaninoff relocated to Copenhagen, Denmark. During the Scandinavian tour, 
Rachmaninoff received an offer in the United States with large financial support, and he 
decided to relocate to New York City. In 1942, Rachmaninoff relocated to a warmer 
climate, Beverly Hills, due to his doctor’s recommendation. He was buried in New York, 
far away from his homeland in Russia.  
Rachmaninoff was well known for being one of the most prolific concert pianists, 
and we have multiple recordings of him performing. He possessed a natural advantage, 
very large hands, which allowed him to reach the span of a twelfth while most others 
could only reach an eighth or ninth. Igor Stravinsky described him as “a six-and-a-half-
foot scowl.” His playing was very natural, without extra showy gestures. His sound was 
crystal clear and precise and was never over-pedaled. 
Aside from stunning clarity and virtuosity, his performances contain amounts of 
rubato that most performers would not attempt. It is often possible to distinguish his 
playing from all others merely by listening to the amount and prevalence of rubato. 
According to Arthur Rubinstein, “he had the secret of the golden, living tone which 
comes from the heart… I was always under the spell of his glorious and inimitable tone 
which could make me forget my uneasiness about his too rapidly fleeting fingers and his 
exaggerated rubatos.”4  
 
3 Robert Philip, The Classical Music Lover’s Companion to Orchestral Music: Sergei 
Rachmaninoff (Great Britain: Yale University Press, 2018). 595. 
4 Arthur Rubinstein, My Young Years (New York, NY: Alfred A. Knopf 1973). 468. 
4 
Expressive timing, or rubato, is a stretching or compressing of the time between 
different notes in a phrase. As written, the time between notes should normally be 
constant, as one eighth note is printed the same as all others. The exceptions to this would 
be changes in tempo or the presence of accelerando or ritardando. Despite this, however, 
almost every performer will play a given phrase slightly differently with regard to the 
time taken between notes. These differences avoid stagnation and often give a 
performance an individual stamp. This is undoubtedly the case with the timing choices 
found in recordings of Rachmaninoff. 
In general, musicians tend to play at a constant tempo until instructed to either A) 
speed up, or B) slow down. The composer is often explicit in their instructions to modify 
the tempo by writing accel., rit., or even changing the tempo marking altogether, such as 
a sudden change to Vivace following an Andante section. Aside from these, there are still 
many moments in pieces where the performer varies the tempo without explicitly being 
told to do so. For example, even though the composer may not have written the word 
ritardando at the end of a piece, it is often customary to slow down somewhat before the 
final cadence. It is also not uncommon to hear a performer take time to show moments of 
harmonic or other interest. An example of this would be taking a small amount of time to 
highlight a German augmented sixth chord, or another special harmony. The harmonic 
interest plus the brief stretching of time gives the listener a clear indication that this 
moment is important. Many, many more examples could be given as these timings are 
ubiquitous across music; the interesting aspect, then, is the degree to which these timings 
expand or contract. 
 
5 
In the performances of Rachmaninoff, we often find rubatos that are more 
extreme than normally expected. The “pushes” are more intense in that they speed up 
more rapidly than usual, and the “pulls” are often so drastic that it sometimes appears as 
though he has brought the piece to a halt. Few (if any) pianists can achieve similar effects 
with rubato, as their execution would seem to be “too much.” How then, is Rachmaninoff 
able to achieve such a cohesive use of rubato that does not seem to be in excess? One 
might assume that he ensures there is a relationship between the timings so that a drastic 
ritardando can still be followed. In other words, perhaps there is a functional relationship 
between successive timings, such as the second being twice as long as the first, the third 
twice as long as the second, and so forth. This document seeks to analyze the timings in 
Rachmaninoff’s performances regardless of whether any mathematical functions can be 
found that explicitly describe these timings. In addition, Rachmaninoff’s timings will be 
compared with those of several eminent performers of the 20th century.  
RELATED LITERATURE 
Rachmaninoff wrote two books of piano preludes, Opus 23 and Opus 32. 
However, his first prelude Op. 3 No. 2 was not in either of these collections. These pieces 
were inspired by other composers who wrote Prelude cycles, such as Chopin, Scriabin, 
and Bach. They wrote their own collection of preludes including one in every key. Unlike 
Chopin, Scriabin, and Bach, Rachmaninoff’s preludes do not follow an order of keys, 
though all of the keys are represented. 
One of the most popular preludes of Rachmaninoff is Prelude in C# minor Op. 3, 
No. 2. It belongs to a set of five pieces in Morceaux de Fantaisie. Another famous prelude 
is The Prelude in G minor, Op. 23, No. 5, which “illustrates the composers’ ability to 
6 
create innovative textures and melodies within traditional harmonies and ABA’ form.”5 In 
the beginning of the work, the energetic march-like rhythms in triads establish a 
distinctive character throughout the A section. By comparing and analyzing his 
performance data with other performers, we can trace patterns in his rubato. As 
expressive timing analysis is a fairly recent development in scholarly writing, there are 
few papers dedicated solely to the analysis of Rachmaninoff’s performances. One 
dissertation, Expressive Inflection: Applying the Principles of Sergey Rachmaninoff’s 
Performance in My Own Practice, offers the opinion that Rachmaninoff’s style acted as a 
bridge between Romantic pianism (Liszt, Paderewski, Godowsky) and the style of 
playing that emerged in the mid-20th century (Richter, Gilels). The author, Konstantin 
Lapshin, explains that the Romantic tradition often involved the pianist as the composer, 
so artistic liberties were always welcomed. The newer, stricter style that emerged, led 
performers to be much more faithful to what was written and far more resistant to 
experimentation. As Rachmaninoff possessed both an attention to all details of the score, 
as well as a tendency to elaborate, he is seen as a true intermediary between the two 
styles. Not surprisingly, the author gives an example of Rachmaninoff’s Prelude Op. 23 
No. 5, and (unfortunately incorrectly) asserts that Rachmaninoff continually accelerates 
the iconic one eighth + two sixteenths + one eighth rhythm throughout the piece. While 
this was probably not meant to be taken literally, the author does clearly state that 
Rachmaninoff “constantly accelerates this rhythmic pattern throughout the Prelude. This 
becomes even more obvious in the middle part of the first section of the work (mm. 17 – 
 
5 Barbara Russano Hanning, Concise History of Western Music: The First Modern 
Generation (New York, NY: W. W. Norton & Company, Inc., Publishers, 2010), 539. 
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19).”6 The author does not provide clear evidence to support his claim. As this piece will 
be analyzed in detail in the second chapter, I will briefly address this claim in my 
analysis. 
Another relevant document is Nicholas Cook’s Changing the Musical Object: 
Approaches to Performance Analysis, in which the author explains his motivation for 
bringing scholars and performers away from the score and into what the music truly is – 
not a score, not a recording and not even clearly defined. In his paper, he provides several 
examples of expressive timing analysis in which the time between notes (inter-onset 
intervals) are graphed for different pianists. He then compares Rubinstein’s performances 
to a group of others (such as Michelangeli and Friedman) as well as to the average to 
provide a more quantitative means of performance analysis. In this way, he is not 
analyzing the piece as it relates to a score, but instead analyzing the actual physical 
events that are occurring. A similar approach will be taken when comparing 
Rachmaninoff’s performances to other pianists; specifically, his timings will be compared 
to the average. 
LIMITATIONS OF THE STUDY 
  As this is a technical study, there is one unavoidable limitation regarding data 
collection – user error. The time measurements will be as accurate as possible, however 
one person collecting the data might hear a note onset slightly differently than another 
person. One possible remedy to this would be to have many people record timing data for 
each piece, then average them all. This would certainly provide a more widely accepted 
 
6 Konstantin Lapshin “Expressive Inflection: Applying the Principles of Sergey 
Rachmaninoff’s Performance in My Own Practice.” Ph. D. Dissertation, Royal College 
of Music, 2017. DOI: 10.24379/RCM.00000475Abel, Donald. 1989. Freud on instinct 
and morality. Albany: State University of New York Press. 
8 
result, but the claims in this document do not depend on extreme precision and accuracy 
of measurement. This is intended to be a study regarding expressive timing, which is one 
half of the overall performance. Dynamics (amplitude of the waveform) are not being 
considered. Perhaps in the future someone will find a way to combine a mathematical 
analysis of both timing and dynamics, but for the purposes of this study we will be 
restricted to timing. 
METHODOLOGY 
In this study I will analyze the form of several preludes by Sergei Rachmaninoff 
to provide a basis for analyzing expressive timing data. The formal divisions of the pieces 
will serve as guidelines for parsing the time measurements. For example, when 
considering tempo, one could take all timing measurements throughout the piece, average 
them, then calculate an average tempo. This would indeed be an average tempo, but often 
the number would be meaningless. It is more important and informative to have an 
average tempo for a section. 
 A major part of this study involves graphing the inter-onset intervals of different 
sections of pieces. Graphs offer clear visual cues to rubato events as one can see the 
drastic changes easily. The section of interest can then be analyzed using basic statistics. 
Various devices will be used in this analysis, most notably the variance. The variance is a 
measure of how spread out a dataset is, so when applied to a set of inter-onset intervals, it 
can give an indication of the presence of a large rubato. Conversely, a very small value 
for the variance will indicate that the tempo is extremely steady. Both large and small 
values are of interest. Another technique that will be used is the nonlinear regression. 
Various sections of the pieces will contain moments where extreme rubato occurs; I will 
9 
attempt to provide a mathematical model for these, a functional relationship between 
Inter-onset Interval and time. In other words, I will assert that a particular accelerando or 
ritardando occurs linearly or nonlinearly, and attempt to be specific regarding its shape. 
The curve fitting will be done using the Curve Fitting Toolbox in MATLAB, an 
engineering software for matrix manipulation. Elementary calculus can be performed on 
these curves to give an intuitive picture of how rubato behaves. 
In addition to analyzing Rachmaninoff’s performances of his own music, I will 
analyze how his timings relate to those of other pianists in the 20th century (Group A). 
The “norm” will be defined as the average behavior of Group A (average tempo in each 
section, behavior of ritardando, accelerando, etc.) and various statistical calculations will 
be performed comparing Rachmaninoff’s playing to the “norm.”
10 
CHAPTER 2 
PRELUDE IN G MINOR, OP. 23 NO. 5
The first piece which I will discuss in detail is Prelude in G Minor, Op. 23 by 
Sergei Rachmaninoff. The recording I will use is one made by Rachmaninoff himself. 
Using a program called Sonic Visualiser, I have recorded an onset timing analysis of the 
piece and saved the data as a .csv file. These timings are used to calculate the inter-onset 
intervals of the recording by taking the difference between successive timings. These 
inter-onset intervals are important as the shortening or lengthening of them is what 
constitutes rubato. 
Let us briefly discuss a more formal definition of Inter-onset Interval and an 
example in the Rachmaninoff prelude. Given three note events, N1 N2 N3, the inter-onset 
intervals are the times between the starts of N1 and N2 and the starts of N2 and N3. In 
many cases the Inter-onset Interval is essentially the duration of the first note and for this 
study that assumption is enough; however, this is not universally true primarily because 
of notational conventions. 
The manifestation of rubato is easily seen in inter-onset intervals as a deviation 
from the average or “expected” value. One example of such a deviation occurs at the very 
beginning of the prelude; in Excerpt 2.1 we see the opening bar of the piece. The iconic 
rhythm shown here is 1 eighth followed by 2 sixteenths followed by 1 eighth. To save 
space from now on I will use shorthand when referring to rhythms; so, the above rhythm 
can be written as 1e 2s1e. 
11 
 
Excerpt 2.1 Op. 23 
         No. 5: Measure 1 
Rather than attempting to capture Inter-onset Interval data for every single note, I 
chose to simply capture eighth note pulses. So, the excerpt above is treated as three note 
events. In other words, the above measure is represented in note events as, 
N1 – 1e 
N2 – 2s 
N3 – 1e 
It is reasonable to assume that a rhythm of 1e2s1e would contain two nearly equal 
inter-onset intervals. Given a tempo of 90 bpm, for example, it is logical to assume that 
the time between the first and second onset, T12, might be rather close to 0.66s. The 
corresponding time between the second and third, T23, might also be rather close to 0.66s. 
However, my data for Rachmaninoff’s performance gives the following two inter-onset 
intervals, 
T12 = 0.512s 
T23 = 0.149s 
Surprisingly, the first Inter-onset Interval is over three times as long as the second. In his 
performance, Rachmaninoff has greatly elongated the first eighth note and drastically 
condensed the following sixteenth notes which results in a rhythm that is quite different 
12 
from the one in the score. If he had written the notes according to his performance, the 
score would look something like the following. 
 
 Excerpt 2.2 Op. 23 No. 5: 
Measure 1 (as performed) 
The actual performed version is even more drastic than the excerpt above, but this 
provides a clear understanding of the extent of Rachmaninoff’s rubato. Extreme 
deviations from the “expected” inter-onset intervals can be found by calculating the 
variance over entire sections of the piece. It is not possible to determine the location 
(specific measure) of such events from the variance alone; however, a high variance in a 
section’s inter-onset intervals will signal that a substantial rubato event has occurred. 
Now that we have seen an example, we have a better understanding of Inter-onset 
Interval and can proceed with analyzing the entire piece. 
There are three main sections to the work, A B A’, with each containing several 
subsections. Initially, I will examine the variance of the inter-onset intervals of the A 
section and broadly comment on the results. Then I will explain the cause of unusually 
high variances in specific sections. One important note: as this study is intended to be 
focused on data, I will avoid the use of words such as “period” and “sentence” and will 
refer to parts of the piece as “sections” and “subsections.” 
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Before computing the variances, it is necessary to perform a basic formal analysis 
of this section – please refer to Appendix A for an annotated copy of the score. The A 
section is comprised of mm. 1 – 34; it contains three main subsections, S1 S2 S3, with 
associated subsections S1a S1b S2m S2t S3m S3t. Please refer to the following table for 
measure numbers and a brief rationalization of choice for each subsection. 
          Table 2.1 Formal Analysis of A Section 
 
Section/subsection Measures Rationalization 
S1a mm. 1 – 9 Main theme, repeated in S1b 
S1b mm. 10 – 16 Main theme, repetition of and 
similar phrase structure to S1a 
S2m mm. 17 – 22 New material, change in 
harmonic rhythm (regular), 
uniform rhythmic content 
S2t mm. 23 – 24 Arrival on and reinforcement of 
V, scalar descent in home key 
S3m mm. 25 – 29 Main theme, repetition of S1a 
S3t mm. 30 – 34 Sudden disappearance of 
rhythmic motive marks start of 
transition, dominant pedal 
 
Now, for each of these sections, we can compute the variance, 𝜎𝜎2 of the inter-
onset intervals using the formula below, 
 
𝜎𝜎2 =
1
𝑛𝑛
�(𝑡𝑡𝑖𝑖 − 𝑡𝑡̅)2
𝑛𝑛
𝑖𝑖=1
 
    
   Equation 2.1 Definition 
   of Variance 
 
Using the Inter-onset Interval data obtained earlier, we calculate the variances for 
each section/subsection and tabulate the results in Table 2.2. To interpret these values, let 
us consider that variance in Inter-onset Interval is a measure of rhythmic consistency. 
This variance measures how close each Inter-onset Interval is to the average. From the 
14 
table below we see that the performance becomes more rhythmically consistent through 
the first three subsections (the values of the variance decrease), but something extreme 
happens in S2t that causes the subsection to have a high variance. 
Table 2.2 Variances for A Section 
 
Section/subsection Measures Variance 𝝈𝝈𝟐𝟐 
S1a mm. 1 – 9 0.0039 
S1b mm. 10 – 16 0.0018 
S2m mm. 17 – 22 0.0011 
S2t mm. 23 – 24 0.0201 
S3m mm. 25 – 29 0.0021 
S3t mm. 29 – 34 0.0275 
  
The following section returns to the previous rhythmic consistency, but subsection S3t 
shows the largest variance up to this point. So there must be some type of rubato event 
occurring in subsections S2t and S3t. Let us first turn our attention to subsection S2t, 
shown in the excerpt below, 
 
Excerpt 2.3 Op. 23 No. 5: Mm. 23 – 24 
We can get a detailed picture of the inter-onset intervals of this subsection by 
looking at them graphed vs. time as in Figure 2.1 below. We see that the timings are 
quite close together for most of the subsection, however the first timing is nearly three 
times the average value. Rachmaninoff holds the D octaves much longer than we would 
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expect from the score, but this appears to be the only deviation from an otherwise 
consistent set of inter-onset intervals. 
 
          Figure 2.1 Inter-onset Intervals for S2t (mm. 23 – 24) 
Thus, it might be inaccurate to say that this subsection contains a great deal of rubato. 
This is especially evident if we consider the case where this first timing is removed and 
note that the variance of the resulting set of timings is approximately 𝜎𝜎2 = 0.0008. 
Now keeping in mind the important fact that one extreme timing can mislead us 
into assuming the entire section lacks rhythmic consistency, let us now turn to subsection 
S3t, shown in Excerpt 2.4. We can get a clear look at the inter-onset intervals by viewing 
them graphed vs. time in Figure 2.2. It is apparent that there are three regions of interest, 
which each correspond to an audible change in Rachmaninoff’s performance. 
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Specifically, in Region 1 Rachmaninoff seems to slow the tempo; in Region 2 he returns 
to a rather consistent and quicker tempo; in Region 3 he executes a lengthy ritardando. 
 
 
  Excerpt 2.4 Op. 23 No. 5: Mm. 30 – 34 
 
          Figure 2.2 Inter-onset Intervals for S3t (mm. 30 – 34) 
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 To gain context for the slowing in Region 1, let us turn back to the end of S3m. 
The graph below illustrates the abrupt tempo change during measure 30, as 
Rachmaninoff nearly halves the tempo. 
 
        Figure 2.3 Inter-onset Intervals for S3m and S3t (mm. 25 – 34) 
The moving average shown on the graph is a way of measuring the average tempo for a 
given window. By inspecting the graph, we see that S3m began and proceeded at a nearly 
constant tempo of approximately  60 s
2 x (0.26 s)
  = 115 bpm; by the middle of S3t, however, 
the tempo was around 60 s
2 x (0.36 s)
  = 83 bpm; by the end of S3t, the tempo was close to 
60 s
2 x (0.45 s)
  = 67 bpm. It is important to note that these calculations do not reflect how 
humans actually process changes in tempo. For example, the moving average is 
calculated with an arbitrary window size, which means that the resulting values can be 
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smoothed (which would delay the visually apparent tempo change). Nevertheless, the 
data show that there is indeed a tempo change of almost a factor of two. 
 The second region of interest in Figure 2 shows a return to a consistent tempo, 
 
        Figure 2.4 Inter-onset Intervals for S3t R2 (mm. 31 – 32) 
Considering the scale of the Y-axis, the moving average (average tempo) remains quite 
consistent throughout this region. Additionally, the variance of the inter-onset intervals is 
calculated to be 𝜎𝜎2 = 0.0013, a value that is much lower relative to other sections. 
The third region of Figure 3 is perhaps the most striking in terms of analytical 
results. It is known amongst pianists that Rachmaninoff often takes rubato to the extreme. 
There is a quality to his musical timing that evokes a sense of improvisation; he always 
seems to be taking time. When we examine the timing graph of Region 3, shown in 
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Figure 2.5, we notice that for the first time in this analysis, it seems there is a pattern 
underlying the timings of this section. 
 
          Figure 2.5 Inter-onset Intervals for S3t R3 (mm. 33 – 34) 
The moving average shows a clear upward trend that appears to be nonlinear; the average 
tempo appears to slow down somewhat linearly during the first half of the section, but 
then it slows down dramatically towards the end. We can attempt to fit the data points 
above using MATLAB’s Curve Fitting toolbox. As a first attempt, let us assume that the 
underlying pattern is an equation of the form below, 
T(t) = 𝐴𝐴2𝑒𝑒𝑐𝑐1𝑡𝑡 + 𝐴𝐴2𝑒𝑒𝑐𝑐2𝑡𝑡  
                                                
Equation 2.2 Proposed 
            Curve Fit 
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This equation was chosen because the graph appears to show an exponential increase in 
Inter-onset Interval duration. The results from the curve fit are shown in the following 
graph, 
 
         Figure 2.6 Inter-onset Intervals for S3t R3 (mm. 33 – 34) with Curve Fit 
The proposed curve fits the data remarkably well; we can say confidently that 
Rachmaninoff’s ritardando during mm. 33 – 34 occurs exponentially. The effect of this is 
one of deception; initially we hear a ritardando that appears to slow down linearly. As the 
music progresses, we reach a point where the tempo decelerates extremely rapidly. This 
comes as a surprise to the listener, but is quite well-explained by the data. In a later 
chapter, we will revisit this notion and compare the behavior of several of 
Rachmaninoff’s ritardandos with those of other pianists. 
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We can now turn to the B section of the piece, which is marked by its difference 
in tempo and texture from the outer A sections.  
             Table 2.3 Formal Analysis of B Section 
 
Section/subsection Measures Rationalization 
S4a mm. 35 – 36 Second theme, repeated in S4b 
S4b mm. 37 – 38 Nearly identical to S4a, subtle 
harmonic changes 
S4c mm. 39 – 41 Same material a step higher, 
extension of S4a, S4b 
S5a mm. 42 – 43 Second theme, countermelody 
in middle register 
S5b mm. 44 – 45 Nearly identical to S5a, subtle 
harmonic changes 
S5c mm. 46 – 49 Extension of S4c, prolonged 
V/V 
 
The Inter-onset Interval data for S4a has been converted to tempo and is shown below. 
 
         Figure 2.7 Tempo for S4a (mm. 35 – 36) 
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There is a distinct arc shape to the tempo, which one might expect in lyrical 
playing; however, the steepness of this arc is quite extreme (i.e. the tempo changes 
dramatically). The tempo at the beginning of the section is less than 35 bpm, reaches 
nearly 90 by the middle, then returns to below 50 near the end. The material in the 
following two measures is almost identical, though it does contain some subtle harmonic 
differences. Nevertheless, we might expect a similar shape to the tempo graph in S4b, 
shown below. 
 
         Figure 2.8 Tempo for S4b (mm. 37 – 38) 
Indeed we see that the tempo begins around 40 bpm, accelerates to over 100, then 
slows back down to just below 50. This is the exact same shape as S4a but translated 
upwards (i.e. the average tempo is slightly faster). As the thematic material in mm. 37 – 
38 closely resembles that of mm. 36 – 37, it might be of interest to compare the behavior 
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of the timings between the two sections. We can rely on a method introduced above, 
namely fitting a curve to the data and comparing the resulting equations. As the timings 
in the two sections follow an arc shape, it is reasonable to assume a quadratic fit. The 
timings and the curve fits for the two sections are shown in Figure 2.9. 
 
            Figure 2.9 Comparison between S4a and S4b with Curve Fits 
The curves shown above do not exactly fit the data, but they do give us a picture 
of the overall trend of the data. The exact equations for these curves are given below; a 
brief inspection of the coefficients tells us that the trends in tempo are very similar. 
S4a:  𝑇𝑇(𝑡𝑡) = −0.6819𝑡𝑡2 + 11.72𝑡𝑡 + 31.26 
             Equation 2.3 Curve Fit Output for S4a 
 
S4b:  𝑇𝑇(𝑡𝑡) = −0.7905𝑡𝑡2 + 12.82𝑡𝑡 + 42.9  
   Equation 2.4 Curve Fit Output for S4b 
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We can take our analysis further by considering the first derivative of both equations, 
S4a:  𝑇𝑇′(𝑡𝑡) = −1.3638𝑡𝑡 + 11.72 
    Equation 2.5 Derivative of S4a Curve 
 
S4b:  𝑇𝑇′(𝑡𝑡) = −1.581𝑡𝑡 + 12.82  
  Equation 2.6 Derivative of S4b Curve 
These equations give us an idea of the rate at which the tempo is changing; the more 
negative the equation, the faster the tempo is slowing down. For small values of t, the 
tempo is increasing (approaching the peak of the arc shape) and for larger values of t the 
tempo decreases. These equations are graphed below in Figure 2.10. As we are 
comparing exact equations (i.e. ones that perfectly describe the timings) it is only useful 
to note that the trends are very similar. The fact that Rachmaninoff treats the two sections 
almost equally in timing is unsurprising, given their thematic relationship. 
 
         Figure 2.10 Rate of Change of Tempo for S4a and S4b 
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In S4c we find something far less expected; specifically, there are two extreme 
rubato events that occur in an otherwise stable tempo environment. Both events serve to 
mark formal divisions – the first to mark the end of a phrase extension, and the second to 
mark the end of the section. The data for this section are shown in the following figure. 
 
         Figure 2.11 Tempo for S4c (mm. 39 – 41) 
As is visible from the graph, the first two measures of S4c are rather steady, with an 
average tempo of approximately 85 bpm. In the score, we note that the rhythmic motives 
present in these two measures are almost identical to S4a and S4b and the second measure 
is an extension of the first. The end of this extension is clearly marked by the first rubato 
event shown above. After returning to the previous tempo, Rachmaninoff marks the end 
of the entire section with another rubato event. Careful inspection of these two events 
will reveal that they are similar in shape, with the second and third members showing a 
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larger difference than the first and second. In the A section of the piece, we were able to 
explain a ritardando with a mathematical function, namely an exponential. In the case of 
these two rubato events, there are not enough data points to attempt the same curve fit as 
before. However, we can fit the data using a quadratic function; the results of this are 
shown in the following figure. 
 
          Figure 2.12 Comparison between S4c RE1 and S4c RE2 
As is clearly shown above, the timings in both cases can be fit with a quadratic function. 
It is extremely important to note now that essentially any 3 points of data can be fit with a 
quadratic function, and the 3 points in both rubato event (RE) data sets lend themselves 
easily to such a fit. Before proceeding to slightly more technical analysis, a brief visual 
inspection of the above figure will convince you that the two events are quite similar; the 
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following analysis of the equations will explain the degree to which this is the case. 
Below are the results of curve fitting the tempo of each rubato event. 
RE1:  𝑇𝑇(𝑡𝑡) = −2.39𝑡𝑡2 − 8.021𝑡𝑡 + 39.82 
   Equation 2.7 Curve Fit Output for RE1 
 
RE2:  𝑇𝑇(𝑡𝑡) = −3.847𝑡𝑡2 − 12.76𝑡𝑡 + 40.54  
  Equation 2.8 Curve Fit Output for RE2 
The equations above tell us that both rubato events display a change in tempo that is 
nonlinear; the ritardandos present at the ends of measures 40 and 41 do not occur 
gradually, but begin with a small change in tempo and lead to a large change in tempo. 
Specifically, the presence of nonzero coefficients to the t2 terms, –2.39 and –3.847, 
indicate the nonlinearity. Taking the first derivative yields the following, 
RE1:  𝑇𝑇′(𝑡𝑡) = −4.78𝑡𝑡 − 8.021 
   Equation 2.9 Derivative of RE1 Curve 
 
RE2:  𝑇𝑇′(𝑡𝑡) = −7.694𝑡𝑡 − 12.76  
 Equation 2.10 Derivative of RE2 Curve 
The presence of nonzero coefficients for the t terms in both equations indicate that the 
relationship between the two ritardandos is a bit more complex than saying, for example, 
“one is twice as slow as the other.” At the beginning of the second ritardando, the tempo 
is already slowing down faster than the first, but as time progresses, it slows down at a 
faster rate than the first. These equations are graphed below in Figure 2.13 in order to 
better illustrate this phenomenon. As can be seen in the figure, the two ritardando events 
are similar in the fact that they both slow down at an increased rate as time progresses. 
The only real difference between the two is that the rate at which the second slows down 
increases quite a bit faster than that of the first. 
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         Figure 2.13 Rate of Change of Tempo (RE1 and RE2) 
In the following sections, S5a and S5b, we observe similar shapes in the tempo 
graphs to those of S4a and S4b; specifically, the sections begin slowly and then speed up 
towards the middle. This is not surprising as the two sections are mild variations of S4a 
and S4b, so one might expect that the timings would at least be similar. However, while 
the end of S5a returns to the original tempo, the end of S5b continues in the new tempo 
and even increases slightly. This behavior can be clearly seen in the Figure 2.14 below; 
the moving average provides a clear picture of the behavior of each section. The first 
follows the arc shape that was seen before, but the second appears to increase throughout 
the section. 
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            Figure 2.14 Comparison between S5a and S5b with Moving Average 
In sections S4abc Rachmaninoff defines the boundaries of each by executing a 
series of ritardandos. The first two sections follow arc patterns, so they essentially 
contain one accelerando and one ritardando. The third section contains two ritardandos, 
one to close the expansion of the first part of the phrase, and one to close the section. 
Overall, this produces a shape of four separate arcs (these will be shown in a later 
diagram of the entire B section). In sections S5ab we still observe the arc in the first 
section, but it is absent in the second. The thematic material in these sections is quite 
similar to that of S4ab, so this choice is perhaps Rachmaninoff’s attempt to avoid 
monotony and predictability. In terms of tempo, S5c continues immediately after the 
previous section without slowing down. This behavior is shown in Figure 2.15 on the 
following page. By omitting this arc shape, he elides S5b and S5c and modifies the 
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previous overall shape from 4 separate arcs to 3. Of course there is nothing being 
changed about the actual notes; this is merely a change of timing. 
 
         Figure 2.15 Tempo for S5c with Moving Average 
Rachmaninoff leads us to expect a push at the beginning of a section and a pull at the 
end. He solidifies this expectation in our ears by repeating the same timing pattern over 
and over; thus, when he decides to break from the pattern, the effect is that much 
stronger. 
 The entire tempo graph for section B is provided on the following page. We 
clearly see that the moving average outlines the first 4 arc shapes that comprise S4abc 
(mm. 35 – 41) and the following 3 arcs that comprise S5abc (mm. 42 – 49). Rachmaninoff 
regularly treats the beginning of every section as the slowest point; this is shown in the 
graph above by the dips in the moving average at mm. 37, 39, 42, and 44. In general, the 
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middle of each section is the fastest part, with the end always featuring a ritardando. The 
exception to this is when he elongates the accelerando in S5b and treats the beginning of 
S5c as the peak tempo for the section. In other words, there is no dip in the tempo at the 
beginning of measure 46 as we would have expected from the earlier sections. 
 
         Figure 2.16 Tempo for B Section with Moving Average 
The return of the A section is introduced by a gradual accelerando of the opening 
thematic material. As before, a brief formal analysis of the sections is presented in Table 
2.4 on the following page. Overall, the section follows the outline of the first A section 
rather closely. There is a return of the opening rhythm, accompanied by a dominant 
pedal, that leads into the return of G Minor that still maintains similar rhythmic structure 
to the preceding section. There are two sections which are identical to those in the A 
section, though the sections after these go to a different key, C Minor, and include a coda. 
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         Table 2.4 Formal Analysis of A’ Section 
 
Section/subsection Measures Rationalization 
S6a mm. 50 – 53 Opening rhythm, dominant 
pedal 
S6b mm. 54 – 57 Return to G Minor, similar 
rhythmic structure to S6a 
S6c mm. 58 – 63 Similar material, now in C 
Minor, phrase extension, 
mimicking end of S1b 
S7m mm. 64 – 69 Identical to S2m 
S7t mm. 70 – 71 Identical to S2t 
S8a mm. 72 – 75 Return to S3m 
S8b mm. 76 – 79 Similar to S3m, now in C 
Minor 
S9 mm. 81 – 86 Coda 
 
A graph of the tempo for the entire section is shown below. While the tempo appears to 
jump around wildly, there is a very clear trend to the data. 
 
         Figure 2.17 Tempo for A’ Section with Moving Average 
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Overall the tempo increases gradually from around 80 bpm in the beginning of the A’ 
section to over 160 bpm by the end of the piece. There is one major point where 
Rachmaninoff essentially resets; this happens at the end of an almost twenty measure 
accelerando. After gradually increasing the tempo he pauses for an unusually long 
amount of time on the downbeat of measure 70, the beginning of S7t. This can be seen 
above as the sharp drop in tempo. 
As we did in the A section, we can calculate the variance for each section and 
analyze the results. The calculations of variance for each section are given below, 
Table 2.5 Variances for A’ Section 
 
Section/subsection Measures Variance 𝝈𝝈𝟐𝟐 
S6a mm. 50 – 53 0.0069 
S6b mm. 54 – 57 0.0017 
S6c mm. 58 – 63 0.0013 
S7m mm. 64 – 69 0.0015 
S7t mm. 70 – 71 0.0134 
S8a mm. 72 – 75 0.0036 
S8b mm. 76 – 79 0.0020 
S9 mm. 80 – 86 0.0012 
              
The trend in the data above seem to match that of the A section in that the variances 
decrease as time goes on, with a large spike occurring in S7t (an exact repetition of S2t in 
the A section). Then, rather than executing a ritardando to transition into the B section, 
Rachmaninoff increases his rhythmic consistency through to the end of the piece (shown 
in the table above by the decrease in variance from S8a to S9). 
Although the tempo seems to vary widely throughout the A’ section, it is not due 
to all the notes being played; the tempo variation occurs more in figures with the rhythm 
1e 2s1e than those with the rhythm 1e 1e1e 1e1e. We can see this happening by 
observing the following figure, which graphs the tempo for S6a and has been modified to 
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show which timings correspond to the rhythms (1e) 1e 2s1e and which timings 
correspond to the rhythm 1e 1e1e 1e1e, 
 
         Figure 2.18 Tempo for S6a by Rhythmic Content 
The above graph clearly shows that when the rhythm is comprised of only eighth notes, 
the tempos are much closer together; in contrast, when the rhythm is the iconic 1e 2s1e 
(or a slight variation of it which involves an additional preceding eighth note) there is a 
great deal of difference between the tempos. In addition, while the more inconsistent 
rhythmic groups seem to vary widely, the more consistent tempos show a clear increase 
over the duration of the section. Not surprisingly, in the score we see an accelerando that 
is indicated to take place over the entirety of S6a and S6b. We can see if this trend 
continues by examining the same graph for the next section, S6b, shown below in Figure 
2.19. The data for S6b show the exact same trend as those for S6a, with perhaps an even 
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more convincing regularity. In effecting the long accelerando over S6ab, Rachmaninoff 
switches between a less ordered rhythmic group and one that is very consistent and uses 
the latter to slowly increase the tempo. 
 
         Figure 2.19 Tempo for S6b by Rhythmic Content 
Because the less ordered group has less of a consistent tempo, we only feel the 
accelerando when we hear the 1e 1e1e 1e1e pattern. Examining each of the red groups of 
tempos shown in Figures 2.18 and 2.19 will convince you that the accelerando occurs 
with these groups; the average tempos for each group increase as follows: 83, 96, 102, 
104, 113, 127 bpm. So while there are many instances of the 1e 2s1e pattern that sound 
(and are mathematically) rhythmically inconsistent, there is an underlying order to the 
overall tempo increase of the section. 
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The beginning of the following section, S6c, is marked Tempo I so we might 
expect that the tempo stopped increasing at this point. We see in the following figure that 
this is indeed the case; the average tempo for the first two red groups appear to remain 
approximately the same. 
 
       Figure 2.20 Tempo for S6c by Rhythmic Content 
Also, the pattern of alternating between less ordered and more consistent tempos appears 
to stop with the third red group in the above figure. This corresponds to measure 61 
where there is a change in rhythm signaling the start of the transition to section S7m. This 
transition contains yet another new rhythm and is shown in the above figure as the black 
data points. The fact that there is no clear pattern to this data supports the conclusion that 
Rachmaninoff alternated between the two previously mentioned groups of inconsistent 
and consistent tempos to effect a long crescendo throughout the S6ab sections. 
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The alternating behavior noted above has been to this point merely informed 
hypothesis based on listening to Rachmaninoff’s performance. A clearer picture of the 
alternating behavior can be seen by calculating the variance for each rhythmic group of 
the sections S6abc and plotting them. 
 
 Figure 2.21 Variances for S6a by Rhythmic Content 
Each of the rhythmic groups alternates between having an ordered behavior and a more 
disordered behavior, which appears mathematically as a low and high variance, 
respectively. The main contributing factor to high variances in the rhythmic group (1e) 1e 
2s1e is the 2s part. Seemingly without fail, Rachmaninoff condenses the two sixteenths in 
every single instance of this group that we hear. In the following overview section, we 
will consider all instances of this rhythmic group and determine whether Rachmaninoff 
truly plays each one in this manner. 
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We have identified a clear alternating pattern of high and low variance in S6a so 
now let us look at the variances for S6b. The alternating pattern continues, with the 
rhythmic group 1e 1e1e 1e1e showing a consistently much lower variance than the other. 
 
 Figure 2.22 Variances for S6b by Rhythmic Content 
Above, we noted that this pattern appears to stop once new rhythmic content is 
introduced. In measure 61(including pickup eighth note in 60), the rhythm is 1e 1e 1e1e 
1e1e 1e1e 1e, which is essentially derived from our existing group 1e 1e1e 1e1e. 
However, as we saw in Figure 18, the playing no longer appears as orderly as before, 
which must lead to a higher variance for this group. In a sense this group is no longer 
serving the purpose of contributing to an accelerando, so there is no reason why it must 
follow the established pattern. The variances for section S6c are graphed below in Figure 
2.23. As we hypothesized, we see the pattern break right as the new rhythmic content is 
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introduced. This gives further support to the notion that the series of ordered rhythmic 
groups among the disordered ones were played with the express purpose of effecting the 
accelerando. Rather than meticulously increasing the tempo continuously, Rachmaninoff 
allowed himself to breathe regularly when playing the more disordered rhythmic groups. 
He was able to increase the tempo incrementally using the ordered rhythmic groups. 
 
 Figure 2.23 Variances for S6c by Rhythmic Content 
The final three measures of the piece give us a perfect picture of how 
Rachmaninoff’s seemingly whimsical timing choices are really quite carefully planned 
and executed. We will see that although the timings are extreme, there is a clear logic 
behind them. The section in question is reproduced on the following page for reference 
and the tempo measurements for this section are shown in the following figure. 
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 Excerpt 2.5 Op. 23 No. 5: Mm. 84 – 86 
We can see that there is a clear increase in tempo from the third data point to the 
sixteenth, but due to the noisiness of the data it is difficult to pinpoint a specific 
functional relationship. 
 
         Figure 2.24 Tempo for Mm. 84 – 86 
Up to this point we have considered timing data measured at the eighth note pulse. This is 
ideal for obtaining the most accurate results for variances and fine-grained calculations 
regarding tempo, however we can also consider timing data measure at the quarter note 
pulse. By averaging successive pairs of data points we arrive at the following graph in 
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Figure 2.25. By considering the quarter note pulses we notice that there are two 
accelerando events occurring in these bars, AE1 and AE2. The first begins on beat 2 of 
measure 84 and increases the tempo until the downbeat of measure 85. The second begins 
on beat 2 of measure 85 and increases the tempo until the end of the measure. 
Rachmaninoff’s strategy then is to play the downbeat of both measures, then begin an 
accelerando on the second beat. The first accelerando is concave up (meaning the change 
in tempo increases with time) and the second is concave down (the change in tempo 
decreases with time). 
 
         Figure 2.25 Tempo for Mm. 84 – 86 (Quarter Note Pulse) with Curve Fits 
In other words, Rachmaninoff plays the downbeat of the first measure, then speeds up 
dramatically; he then plays the downbeat of the second measure and speeds up less 
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dramatically. The two accelerando events, AE1 and AE2 can be modeled with the 
following curves, 
AE1:  𝑇𝑇(𝑡𝑡) = 3.254𝑡𝑡2 − 11.58𝑡𝑡 + 142.8 
    Equation 2.11 Curve Fit Output for AE1 
 
AE2:  𝑇𝑇(𝑡𝑡) = −5.128𝑡𝑡2 + 83.33𝑡𝑡 − 165.4  
  Equation 2.12 Curve Fit Output for AE2 
While both events are accelerandos, these two models exhibit slightly different behavior. 
Considering the first derivatives of both equations above we see the following behavior 
in Figure 2.26. 
 
 Figure 2.26 Comparison of Rate of Change of Tempo (m. 84 and m. 85) 
Surprisingly, the first accelerando ends at a rate of change of tempo nearly equal the rate 
at which the second accelerando begins. This is particularly surprising because 
Rachmaninoff reduces the tempo by approximately 20 bpm after the downbeat of 
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measure 85, yet he preserves nearly the exact rate at which he was increasing the tempo. 
The reset in tempo before the second accelerando is necessary, as starting a second 
accelerando from where the first left off would have increased the tempo far past 200 
bpm. 
Now that we have proceeded through the entire piece, we can make some 
observations about the behavior of the timings in general. 
 
         Figure 2.27 Variance of Each Section 
One simple graph we can construct is that of the variance for each section 
throughout the piece, which is shown above. There are a few sections with extremely 
high variances when compared to the rest, but most of the variances seem to be within the 
range of (0, 0.02). The first jump in variance occurs in S2t which we have seen was 
caused by Rachmaninoff holding the D octaves on the downbeat of measure 23 for much 
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longer than indicated by the score. The next jump in variance, which occurs in S3t, is due 
to Rachmaninoff executing an extreme ritardando. In sections S4c and S5c the variance 
jumps the most dramatically; in S4c this jump is due to the presence of two arc shapes 
(two accelerando and ritardando groups), while in S5c it is due to the fact that the section 
begins at a fast tempo, then slows down, then contains another accelerando and 
ritardando. In S7t we see another spike in variance, which is caused by the same behavior 
as S2t (holding the D octaves in measure 70). 
We can also look at the overall tempo as the piece progresses; a graph of the 
average tempo for each section is shown below in Figure 2.28. 
 
         Figure 2.28 Average Tempo of Each Section 
There are several aspects of the above figure that are fairly obvious, with perhaps the 
most obvious being that the average tempos for the B section (and subsections) are much 
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lower than those for the A and A’ sections. This is intuitive to anyone who knows the 
piece and corresponds to the composer’s marking Un poco meno mosso. After the middle 
section we can see a clear and gradual accelerando starting in S6a, that then resets in S7t 
and continues to the end of the piece. 
Another general observation we can make is that higher tempos lead to lower 
variances. A graph of Variance vs. Average Tempo is shown below in Figure 2.29. 
 
        Figure 2.29 Variance vs. Average Tempo 
We can see that for high average tempo values, the variances tend to be much lower. This 
is probably due to several factors; first, at higher tempos it is physically more difficult to 
vary the rhythm without causing tension, and second, slight variations of the rhythm at 
higher tempos would be far more noticeable than those at slower tempos. 
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 Finally, we can observe the timings for all instances of the iconic rhythm 1e 2s1e. 
In total there are 74 instances of this rhythm in the piece and of those, 66 were played in a 
squashed manner (meaning that the 2s are played shorter than the outer eighths). There 
are 8 instances in which the rhythm was not played this way; given their rare occurrence 
it is reasonable to assume there must have been special reason to deviate from the norm. 
The first occurs on beat 3 of measure 21, right before the arrival on the dominant in 
measure 22. It is not surprising that Rachmaninoff stretched the time just a bit to prepare 
for this arrival. The next two deviations occur in the measure before the middle section, 
when Rachmaninoff is executing an extreme ritardando. Given their position at the very 
end of the phrase, these deviations also make sense. The next deviation occurs at the 
beginning of S7m, but may be the result of user error, as the durations of the 1e and 2s 
differ by such as small amount. Nevertheless, if this is a true deviation, its presence at the 
beginning of a section change would not be surprising. The next two deviations occur on 
beat 3 of measure 74 and beat 1 of measure 75. They are located at the end of a 
subsection and form part of a modulation. Again, it is not surprising to see variation 
given the context. The next deviation occurs on beat 3 of measure 79, which is the 
dominant arrival that leads into the final section in measure 80. The final deviation occurs 
in the final instance of the rhythmic pattern. Whether or not it was intentional it is 
undoubtedly intriguing that the very last time we hear this motive, it is played completely 
strictly.
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CHAPTER 3 
PRELUDE IN C-SHARP MINOR, OP. 3 NO. 2
In the previous prelude we considered the variance of inter-onset intervals in 
sections as well as functional relationships in these timings; we found that several 
sections had much larger variances than others, which was explained by the presence of 
an extreme rubato event. In addition, several of these rubato events followed a specific 
plan, which can be modeled by a function such as a quadratic or exponential. These 
models are not useful for prediction, but they give us a means to analytically compare 
several different rubatos and a clearer method to analyze the properties of the rubatos 
themselves. 
 For this prelude I will focus primarily on different levels of timings; I will 
consider the time between eighth note, quarter note, and half note pulses (with these 
values being doubled for the middle section). As we saw in the last line of the previous 
prelude, it is possible for there to be no apparent pattern in the eighth note timings but an 
extremely carefully planned pattern in the quarter note timings. By the same token, there 
is information present in the eighth note timings that is completely lost when considering 
the quarter note timings. It is also possible to inadvertently skew the timings when failing 
to account for certain musical elements, such as an anacrusis.  
Consider the following excerpt, if the eighth note or quarter note timings are 
considered, no modification to our method need be made. However, were we to consider 
the whole note timings, our beginning with the first note would shift our window to now 
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consider whole note intervals beginning on every third beat. While there may be patterns 
that emerge, the primary focus of our analysis is the behavior of timings in the context of 
normal groupings of pulses, i.e. giving preference to beat one. 
 
Excerpt 3.1 Op. 3 No. 2: Mm. 1 – 2 
The prelude consists of three main sections, with the two outer sections being 
nearly identical. A brief formal analysis is provided below in Table 3.6. One quality of 
this piece that lends itself towards this type of study is the similarity between the two A 
sections. Ignoring the introductory figure and tail figure of each section, the harmonic 
outline is exactly the same. This motivates us to consider the correlation between timings 
of these two sections, which will be presented later on in this chapter. 
              Table 3.1 Formal Analysis of A Section 
 
Section/subsection Measures Rationalization 
S1a mm. 0 – 1 Introductory motive 
S1b mm. 2 – 5 Main theme, repeated, then 
transposed outlining tonic 
triad 
S1c mm. 6 – 7 Arrival on dominant, 
transition using opening 
eighth note motive 
S2a mm. 8 – 9 Return of main theme 
S2b mm. 10 – 11 Transitional material, 
cadential arrival 
S2c mm. 12 – 13 Repeat of main theme, 
codetta 
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In Rachmaninoff’s recording, the first A section shows a remarkable constant 
decrease in tempo throughout, with swells in tempo occurring in S1c and S2b. Unlike the 
previous prelude we considered, one can quite easily deduce the formal analysis of the 
piece from the tempo graph. The formal analysis was motivated by harmonic and textural 
changes, which are highly correlated with changes in timing. A graph of the tempo for 
the A section with each subsection highlighted is presented below. 
 
        Figure 3.1 Tempo for A Section 
The subsections (S1b, S2a, and S2c) containing statements of main theme (C# E D#) appear 
to decrease steadily in tempo over the duration of the section. Also, the final few bars 
exhibit a dramatic slow down to nearly 20 bpm. What is most striking is that this 
decrease in tempo is more or less continuous, meaning that the decelerando picks up in 
S2a quite close to where it left off in S1b. This demonstrates an extreme discipline in 
 
50 
controlling the tempo and a clear overall order to the section. The two tempo increases in 
the transitional sections are rather standard shapes, accelerating towards the middle of the 
phrase and pulling back towards the end. Comparing the maximum vs. minimum tempo 
values for the entire section, we find an almost seven-fold difference; this is such a 
dramatic range for a section marked Lento. 
 Coincidentally, the B section also exhibits a seven-fold increase in tempo. No 
significance is claimed, but the fact is intriguing. This section displays a continuous 
increase in tempo, arriving at over 350 bpm. A brief formal analysis is provided below in 
Table 3.2. 
           Table 3.2 Formal Analysis of B Section 
 
Section/subsection Measures Rationalization 
S3a mm. 14 – 17 Secondary theme 
S3b mm. 18 – 26 Secondary theme repeated, 
phrase extended 
S3c mm. 27 – 30 Secondary theme, added bass 
S3d mm. 31 – 42 Secondary theme repeated, 
phrase extended, transition 
back to A section 
 
The section is formally conservative in that it contains two iterations of the same 
technique; one initial phrase followed by a responding phrase that extends the material in 
the first.  
In Figure 3.2, on the following page, is a graph of the tempo of the B section. 
One will notice that certain parts of the graph show a clear alternation between certain 
tempi. It appears that there are discrete tempo levels that Rachmaninoff adheres to 
throughout the entire section. The first four measures, however, are clearly more free in 
regard to tempo though they still show alternation between certain values. From measure 
19 onwards, every single tempo measurement, with the exception of the final dramatic 
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pause before the A’ section, takes on one of 15 distinct values. The values are arranged in 
such a way that the difference between successive pairs is always increasing. Rather than 
execute an accelerando by speeding up successive notes or even groups of beats, 
Rachmaninoff essentially bounces between values of tempi that continually expand. 
 
         Figure 3.2 Tempo for B Section with Unique Tempo Levels 
 If we arrange the unique values shown above in ascending order we can obtain a 
perfect exponential fit, shown in Figure 3.3 on the following page. It seems extremely 
unlikely that any performer would be able to maintain such a level of consistency 
throughout a long accelerando, so perhaps there are certain other factors contributing to 
this result. One such factor could be the mechanism by which the piece was recorded; it 
is possible that during the recording process, the timing data for the piece was normalized 
in such a way that only discrete values of timing appear in the reproduction. This is pure 
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speculation but may warrant further study in a different setting. If this is a phenomenon 
present in Rachmaninoff’s (or other pianists’) playing, then it certainly should be studied 
as it might illuminate certain factors related to our processing of music. 
 
         Figure 3.3 Unique Tempo Levels with Curve Fit 
The beginning of the B section also displays an unusual sort of “meta” 
organization with regards to tempo. In Figure 3.4 below are the tempo measurements for 
the first four quarter notes of the section (E D# D C#). The behavior of these values 
closely resembles the charging of a capacitor; the tempo 150 bpm is essentially the target, 
and Rachmaninoff approaches it in ever-diminishing increments. This type of tempo 
change is essentially the inverse of what we found occurring in Rachmaninoff’s 
ritardandos in the previous prelude. Rather than slowing by a small amount then slowing 
dramatically, the tempo changes dramatically and appears to level off quickly. The fact 
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that Rachmaninoff treats two tempo change events, ritardando and accelerando, in 
mathematically inverted ways brings a new level of quantitative cohesion to his playing. 
 
         Figure 3.4 Tempo for First Four Notes of B Section with Curve Fit 
Remarkably, this same behavior is seen in the timings of the first four half note pulses, 
shown below in Figure 3.5. This result means that the behavior at the one measure level 
closely resembles the behavior at the two measure level. One may consider this nested 
behavior as some sort of fractal, but it is beyond my knowledge what the actual 
explanation would be. The comparison to charging of a capacitor is based not only on the 
shape of the tempo graph but also on Rachmaninoff’s treatment of the beat following the 
tempo increase. When charging a physical capacitor with electricity, the charge increases 
dramatically at first then slows to a point where charging it longer has little effect. Once 
it reaches this point it is essentially charged. In two separate iterations of the theme, 
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Rachmaninoff executes this “charging” of the tempo, then plays at exactly the same 
tempo in the following half note pulse. 
 
         Figure 3.5 Tempo for First Four Half Notes of B Section with Curve Fit 
 
This behavior continues throughout the first six measures of the section. From the graph 
on the following page, Figure 3.6, we see that Rachmaninoff executes his “charging” of 
the tempo from half note pulses 1 – 4, then stays the same for the next pulse (data point 
5). He then resumes charging of the tempo when the descending theme returns (data point 
9, interestingly at exactly the same tempo he left off “charging”) and increases to a new 
level, where he then continues at the same tempo for the next pulse (data point 13). 
It appears that the second “charging” maneuver starts earlier than point 9 on the 
graph, even though this does not correspond exactly to the formal analysis presented 
above. This is a rather complex method of eliding phrases – not through thematic 
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material but through timing. In the previous prelude we saw Rachmaninoff elide two 
subsections with timing in the B section, effectively creating one large arc when we 
expected two. 
         Figure 3.6 Tempo for First Six Measures of B Section (Half Note Pulse) 
The conclusion drawn from these series of figures is that Rachmaninoff is able to 
control his tempo with incredible precision. He is also capable of playing in such a 
manner that what occurs in fine-grain measurements is replicated in higher-level 
measurements. It is likely that this is not a planned phenomenon but a result of his natural 
ability as a pianist. 
We have now considered the behavior of quarter note measurements and half note 
measurements; let us now continue with whole note measurements, shown in the 
following figure. There are clear regions of linear increase as well as exponential 
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increase. Surprisingly, the seventh data point (which corresponds to the seventh measure 
of the section) is the same value as the sixth. This means that Rachmaninoff increased the 
tempo to a certain point, then kept both the half note and whole note tempos for the 
following measure exactly the same. 
         Figure 3.7 Tempo for B Section (Whole Note Pulse) 
We can see from the graph that each subsection can be classified in terms of 
tempo behavior. The first subsection, S3a, shows a large increase in tempo followed by a 
decrease down to the initial value. When the theme is repeated in S3b there is a clear order 
to the increase, as data points 7 – 13 appear to follow a linear pattern. The return of the 
theme in S3c shows a clear decrease in tempo. In S3d we see a concave up increase (tempo 
change accelerates) before arriving at a steady tempo for the beginning of the transition. 
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The A’ section is almost the same as the A section in terms of length and 
harmony. A formal analysis of the section is presented in the Table 3.3. 
          Table 3.3 Formal Analysis of A’ Section 
Section/subsection Measures Rationalization 
S4a mm. 43 – 44 Introductory motive (two full 
measures) 
S4b mm. 45 – 48 Main theme, repeated, then 
transposed outlining tonic triad 
S4c mm. 49 – 50 Arrival on dominant, transition 
using opening eighth note 
motive 
S5a mm. 51 – 52 Return of main theme 
S5b mm. 53 – 54 Transitional material, cadential 
arrival 
S5c mm. 55 – 61 Coda 
Figure 3.8 shows the timings. 
         Figure 3.8 Tempo for A’ Section 
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As we saw with the A section, the timings closely follow the formal analysis. Both 
subsections where the main theme is presented are close in tempo, with a slight 
downward trend. The two transitional subsections have arc shapes to their tempos. 
As mentioned at the beginning of this chapter, the similarity in form between the 
two A sections presents us with a perfect opportunity for comparison. With harmony and 
formal structure held constant we can simply focus on the timings.  Below is a graph of 
both the tempo measurements for the A and A’ sections. 
         Figure 3.9 Tempo for A and A’ Section (S1b to S2b and S3b to S4b) 
The two sections appear to be remarkably similar in terms of tempo, with the A’ section 
being roughly twice as fast as the A section. One way to measure the strength of 
relationship between two variables is to calculate the Pearson correlation coefficient. In 
general, if the value of the correlation coefficient is above 0.7, there is a strong linear 
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correlation between the two variables. This value is calculated as the covariance of the 
two variables divided by the product of their standard deviations and can be written as in 
Equation 3.1. 
𝑟𝑟𝐴𝐴𝐴𝐴′ =  
∑ (𝐴𝐴𝑖𝑖 −  ?̅?𝐴)(𝐴𝐴𝑖𝑖′ −  𝐴𝐴′� )𝑛𝑛𝑖𝑖=1
�∑ (𝐴𝐴𝑖𝑖  −  ?̅?𝐴)2𝑛𝑛𝑖𝑖=1 �∑ (𝐴𝐴𝑖𝑖′ −  𝐴𝐴′� )2𝑛𝑛𝑖𝑖=1
 
 
      Equation 3.1 Definition of Pearson Correlation 
      Coefficient 
Using the tempo data for the A and A’ sections, we obtain the following value, 
𝑟𝑟𝐴𝐴𝐴𝐴′ = 0.7718 
This means that the tempo measurements for the two sections are strongly correlated. In 
other words, when there is a steady tempo in the A section, we can expect to find a 
similarly steady tempo in the A’ section. When there are large surges and pullbacks in 
one, we can expect to find those in the other. 
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CHAPTER 4 
RACHMANINOFF VS. OTHER PIANISTS
Although intuition tells us that Rachmaninoff’s stretching of time is more extreme 
than what is considered “normal,” we can easily quantify our intuition by comparing his 
playing to several other well-known and respected pianists. For the purposes of this 
comparison we will only consider short excerpts and not entire pieces. The purpose of 
this section is to quantify Rachmaninoff’s deviation from the norm; rubatos by any 
pianist are deviations from the expected tempo, but we are interested in just how far 
Rachmaninoff deviates from the “expected deviation” or “normal rubato.” Thus, the 
examples considered will all be where Rachmaninoff’s timing is different from the norm. 
The first excerpt to be considered is from Rachmaninoff’s second piano concerto; 
 
 
Excerpt 4.1 Concerto in C Minor, Op. 18: Mvt. I – Second Theme 
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the five pianists whose playing will be considered are: Sergei Rachmaninoff (1929 
version), Sviatoslav Richter, Grigory Sokolov, Evgeny Kissin, and Harvey Cliburn Jr. 
(Van Cliburn). We can begin our comparison by viewing the average of all four other 
pianists overlaid with Rachmaninoff’s tempo data, shown in Figure 4.1. 
 
        Figure 4.1 Rachmaninoff vs. Kissin, Richter, Sokolov, and Van Cliburn 
It appears that for the first six measures (data points 1 – 24) Rachmaninoff’s playing 
correlates reasonably strongly with the average for the group of four other pianists. Put 
simply, each peak and valley in the graph above appear to occur at the same time for both 
data sets. We can calculate the degree to which the two are similar, using the Pearson 
correlation coefficient defined in the previous section. For the first six measures, this 
coefficient has a value of 0.7461, which indicates a strong correlation between the two 
data sets. The divergence occurs in the last two measures of the excerpt, in which 
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Rachmaninoff executes a ritardando that occurs earlier than the average and is far more 
drastic. 
In the first 6 measures of the excerpt, there are 6 peaks that are shared between 
the two data sets; for each peak in tempo, Rachmaninoff’s values are quite a bit larger 
than average. These results are tabulated below in Table 4.1. 
    Table 4.1 Rachmaninoff vs. Group Tempo Comparison 
 
Peak # Average Tempo of 
group (bpm) 
Rachmaninoff’s Tempo (bpm) Difference 
(%) 
1 147.9 234.4 +58.48 
2 129.3 178.6 +38.13 
3 146.4 171.8 +17.35 
4 97.94 118.4 +20.9 
5 141.9 229.6 +61.8 
6 133.7 158.5 +18.55 
 
We can see that Rachmaninoff’s peak tempos are always faster than the average for the 
group; however, this result alone does not mean that his rubatos are more extreme as it 
could be that his average tempo for the whole section is simply faster. We find that the 
average tempo for the entire section for the group is approximately 111.55 bpm, while 
Rachmaninoff’s average tempo is approximately 129 bpm. Indeed Rachmaninoff’s 
average tempo is faster but only by around 16%. This means that his tempo variation is 
more extreme when compared to the average. 
In the first chapter we introduced a useful measure of how volatile or spread out a 
data set is – the variance. We calculate the variance for the group of pianists to be 
approximately 𝜎𝜎2 = 575.3 and the variance for Rachmaninoff to be approximately 𝜎𝜎2 =
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1759.9. While we cannot say that Rachmaninoff’s playing is three times as variable as 
the group’s, we can be sure that his is considerably more variable. 
So not only does Rachmaninoff differ from the norm, he also differs greatly from 
his own average tempo. The sources of these deviations are found in his extremely large 
tempo increases in Peaks 1, 2, 3, and 5, as well as his ritardando at the end of the section. 
The ritardando begins at approximately his average tempo for the section, 129 bpm, then 
decreases rapidly to an eventual low of around 63 bpm (essentially slowing down by a 
factor of 2). It follows an exponential curve as it progresses (one we have seen before in 
earlier sections) which can be seen below in Figure 4.2. 
         Figure 4.2 Inter-onset Intervals for Rachmaninoff’s Ritardando with Curve 
         Fit 
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The shape of this curve corresponds to how the rallentando is felt by the listener. As with 
many of Rachmaninoff’s timings, the tempo always seems to slow down more than we 
expect.  
Now we can compare this ritardando with those of the other pianists (some may 
not have any ritardando in this section). We cannot compare with the average of all 
groups because the individual behavior of each pianist is absorbed by the average, 
making the overall shape linear. This is not an unimportant result, but we can glean much 
more information from the study if we compare each individually. What follows in 
Figures 4.3-4.6 is a series of graphs showing a side-by-side comparison with 
Rachmaninoff’s playing. 
           Figure 4.3 Comparison of Ritardandos with Curve Fits: Kissin and 
           Rachmaninoff 
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Both curves shown above were chosen as best fits because they produced the 
highest R2 values. The timings for Kissin’s ritardando appear to closely follow a linear 
pattern, which is much less extreme. The exponential function shown to the right is 
initially almost linear, but soon increases dramatically, which surprises us as listeners. 
There does not appear to be any clear pattern to the ritardando in Richter’s 
recording, as can be clearly seen in the figure below. 
          Figure 4.4 Comparison of Ritardandos with Curve Fits: Richter and 
          Rachmaninoff 
The R2 values for several functions were all below 0.6 (which indicates a loose fit) so a 
simple line was chosen as the best fit. It seems reasonable that most pianists would not 
follow such a strict plan as Rachmaninoff’s, and the resulting ritardandos and 
accelerandos would all occur mostly linearly. It is likely the case that Rachmaninoff did 
not plan his phrasing by painstakingly calculating when each note should occur. Rather it 
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seems that the exponential behavior is just a natural property of his playing. Thus, if 
thought about with this in mind, Rachmaninoff’s ritardandos can be thought of as 
predictable disintegration of the tempo. Below are the graphs for Sokolov and Van 
Cliburn; both show linear behavior, with Van Cliburn’s resembling Richter’s in that there 
is not a clearly defined linear pattern. This is not to say that a trend does not exist, as the 
ritardando and upward trend in the data are clear. 
         Figure 4.5 Comparison of Ritardandos with Curve Fits: Sokolov and 
         Rachmaninoff 
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          Figure 4.6 Comparison of Ritardandos with Curve Fits: V. Cliburn and 
          Rachmaninoff 
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The next excerpt to be considered is the first ten measures of Rachmaninoff’s 
Elegie in E-flat Minor, Op. 3 No. 1. 
  Excerpt 4.2 Elegie in E-flat Minor, Op. 3 No. 1: Mm. 1 – 10 
The pianists to be considered for this excerpt are Yuja Wang, Nikolai Lugansky, 
Andrei Gavrilov, and Vladimir Ashkenazy. Rachmaninoff’s Elegie recording is a piano 
roll, made in 1928. These are not as reliable as disc recordings, particularly in regard to 
timing, although some relatively good transcriptions of them have been made. In general, 
these pianists display a remarkable similarity to one another in terms of timings, with 
Yuja Wang being a bit faster than the others. In mathematical terms we can calculate this 
similarity through the Pearson correlation coefficient and tabulate the data in a matrix. If 
we find values that are 0.7 or above, we know that the pianists display a strong amount of 
cohesion in terms of how they play. If we find values above 0.5 but less than 0.7, the 
correlation is moderate. 
Because the timing of eighth notes can vary (especially in a slow piece such as 
this) we will consider the average of pairs of eighth notes, i.e. quarter note timings. Also, 
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as practiced musicians we know this is a more realistic calculation of tempo. The 
resulting data of these calculations are shown in the matrix below. 
      Table 4.2 Rachmaninoff vs. Group Correlation Coefficients 
 
 Rachmaninoff Wang Lugansky Gavrilov Ashkenazy 
Rachmaninoff 1 0.4706 0.6035 0.6657 0.3739 
Wang 0.4706 1 0.7633 0.6335 0.5218 
Lugansky 0.6035 0.7633 1 0.7654 0.6536 
Gavrilov 0.6657 0.6335 0.7654 1 0.6172 
Ashkenazy 0.3739 0.5218 0.6536 0.6172 1 
 
We can see that in all cases there is at least a moderate amount of similarity between 
pairs, with Nikolai Lugansky and Andrei Gavrilov being the most similar to the others. 
This can be seen through a custom metric defined by adding all correlation coefficients 
together for a given pianist, with the highest-scoring pianist being the most similar to all 
others. This metric is defined below and is used to calculate the values in the table that 
follows. 
𝛾𝛾𝑖𝑖 =  �𝑟𝑟𝑖𝑖𝑖𝑖
5
𝑖𝑖=1
− 1 
 
        Equation 4.1 
        Definition of γ, 
        Custom Similarity 
        Metric 
            Table 4.3 Rachmaninoff vs. Group γ Values 
 
 Rachmaninoff Wang Lugansky Gavrilov Ashkenazy 
𝜸𝜸 2.1137 2.3892 2.7858 2.6818 2.1665 
 
Clearly Rachmaninoff’s timings are the most unique, as his value of γ is the lowest. Let 
us now go into more detail as to why this is the case by examining the tempo graph 
shown in Figure 4.7 below. We can see from the graph that Rachmaninoff begins at a 
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faster tempo and ends at a slower tempo than the group. At certain points his timings are 
up to 75% faster than the average and his ritardando in the last measures happens much 
more drastically than the average. This type of “amplified” behavior does not constitute a 
unique performance, however, as the correlation coefficient of one performance and a 
greatly exaggerated version of it would still be large. In other words, two data sets are 
certainly not different if one can be created by essentially multiplying the other by a 
constant. 
 
         Figure 4.7 Rachmaninoff vs. Wang, Lugansky, Gavrilov, and Ashkenazy 
 
Two examples of what makes Rachmaninoff unique can be found in the first two 
measures. The behavior of the group average is what one might expect to be the 
“standard” way to play the opening two measures. The first measure increases in tempo 
to a peak on beat 3, then returns to a low point on beat 1 of the following measure. Then, 
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the pattern is repeated at a slightly faster tempo. Rachmaninoff does something different 
– he reaches the peak tempo of the first measure by beat 2, and then decreases throughout 
the rest of the measure. 
 
         Figure 4.8 Rachmaninoff vs. Wang, Lugansky, Gavrilov, and Ashkenazy 
         (Mm. 1 – 2) 
His behavior in the second measure more closely resembles the “standard” 
behavior in that there is a peak tempo reached on beat 3; however, it is different in that 
the first two beats are played at exactly the same tempo. For the first two measures, 
Rachmaninoff still plays with the expected tempo arc (rising towards the middle of the 
measure, then falling afterwards) but the shape is skewed in both cases. One interesting 
aspect of Rachmaninoff’s timings in the above graph is that beats 3 and 4 of the second 
measure average out to the values for beats 1 and 2. This means that the average tempo 
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for two half note pulses in the measure is constant. This behavior is shown clearly below 
in Figure 4.9. The group average again displays what we would expect (or at least what 
is not surprising at all) in that there is a surge in tempo towards the latter half of the 
measure. This surge is then repeated in the following measure. 
 
         Figure 4.9 Rachmaninoff vs. (W, L, G, A) Half Note Pulse (Mm. 1 – 2) 
In the case of Rachmaninoff, however, we see the same surge in measure 1 but he 
continues the surge into measure 2 where he holds this destination tempo constant. This 
is similar to the behavior we observed in Op. 3 No. 2, where he “charged” the tempo up 
to a certain point and then remained constant. This type of playing clearly defies the norm 
and contributes to his overall uniqueness. 
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The blue line in the above graph is an average of all group pianists, which can 
mask the behavior of each individual; so let us examine more closely how Rachmaninoff 
differs from each pianist in these first two measures. A graph of the tempo is shown 
below with the data for each pianist. While not explicitly shown above, every pianist 
except Rachmaninoff follows the same pattern of half note pulses: increase the tempo, 
pull back, then increase again. 
       Figure 4.10 Half Note Tempo: R, W, L, G, A Individually (Mm. 1 – 2) 
Wang is the only pianist whose tempos are reasonable close to those of Rachmaninoff, 
but her overall pattern is still the same as the others. 
While Rachmaninoff seems to be quite different from the other pianists, there are 
moments where his choice of timing closely matches the others. We can of course find 
these points by inspecting a graph or through careful listening, but there is a simpler and 
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more elegant method. Mathematically, a measure of how much disagreement there is 
between pianists can be found in the variance. If we find a low variance for a certain 
point in the piece, then we have found a moment of relative agreement amongst the 
group. Below is a graph of tempo for the entire theme of the excerpt with each pianist 
shown. Also shown on the graph is the variance for the entire group of each half note 
pulse. 
 
    Figure 4.11 Half Note Tempo: R, W, L, G, A Individually (Mm. 3 – 10) w/ 
    Variance 
The variances have been normalized so that they appear more cleanly on the graph above. 
It is apparent that there are some points of relative agreement and others where all the 
pianists seem to disagree. The highest variances occur at points 6 and 14, which 
correspond to the most disagreement between pianists. Point 12 is the moment of the 
least variance, where the group and Rachmaninoff all play the most similarly. It might 
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not surprise the reader to learn that this point corresponds to the 2 beats leading up to the 
deceptive cadence in measure 9. Even with such a large amount of variation in the way 
these pianists play, they all seem to treat the approach to this deceptive cadence similarly. 
Even though the difference is slight, at point 12 Rachmaninoff is more of a member of 
the group and Wang is the unique one. 
Another metric not yet considered is that of the behavior of each measure on 
average. In other words, on average, how does the timing of beat 2 compare to that of 
beat 1? And beat 4 to beat 3? One might expect that given the results above, the group 
would display the “standard” trend of beat 2 being faster than beat 1, the peak tempo 
occurring on beat 3, and beat 4 being slower than beat 3. Figure 4.12 indicates a division 
into two groups. 
 
      Figure 4.12 Average Tempo Per Beat: R, W, L, G, A Individually 
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There are two groups above: 1) Wang and Rachmaninoff and 2) Lugansky, Gavrilov, and 
Ashkenazy. Group 1 shows remarkable consistency in the average tempo of beats 1 and 
4, while Group 2 is quite similar on all but beat 1. Every pianist follows the expected 
pattern described above except for Ashkenazy who surprisingly has average tempo per 
beat exactly equal to that of beat 2. 
The fact that Rachmaninoff’s averages still follow the expected pattern despite his 
playing being decidedly different from the rest causes one to wonder about the nature of 
his and others’ playing. The curious result of Ashkenazy’s averages furthers the intrigue, 
as his playing was almost as distinct as Rachmaninoff’s. To quantify the relationship 
between each pianist, let us again turn to our custom metric. We start with the correlation 
coefficients, shown below in Table 4.4. 
     Table 4.4 Rachmaninoff vs. Group Average Tempo Per Beat Correlation 
     Coefficients 
 
 Rachmaninoff Wang Lugansky Gavrilov Ashkenazy 
Rachmaninoff 1 0.9690 0.9739 0.9432 0.5749 
Wang 0.9690 1 0.9876 0.9958 0.7181 
Lugansky 0.9739 0.9876 1 0.9809 0.7456 
Gavrilov 0.9432 0.9958 0.9809 1 0.7701 
Ashkenazy 0.5749 0.7181 0.7456 0.7701 1 
 
As we can see from the data, there is of course a great amount of cohesion in the group, 
with the exception of Ashkenazy. Now, for our parameter γ defined above we calculate 
the following values in the table below. 
      Table 4.5 Rachmaninoff vs. Group γ Values 
 
 Rachmaninoff Wang Lugansky Gavrilov Ashkenazy 
𝜸𝜸 3.4611 3.6706 3.6880 3.6901 2.8088 
 
We find that of the pianists who played in the “standard” pattern, Rachmaninoff is the 
most unique. However, Ashkenazy is by far the least like the others in this case.
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CHAPTER 5 
SUMMARY AND CONCLUSIONS
While it was already known that Rachmaninoff’s playing was at the very least 
unusual, we have now seen many quantitative results that confirm this is the case. One 
listen to the first few seconds of Rachmaninoff’s recording of his Prelude in G Minor, 
Op. 23 will convince anyone that his treatment of rhythm is unique. When analyzing the 
data we found that the iconic rhythm as written, shown below on the left, is actually 
played more closely to the one on the right. An attempt to recreate this timing by any 
other pianist 
 
                           Excerpt 5.1 Op. 23 No. 5: Iconic Rhythm 
would seem foolish and any teacher or professor would strongly discourage their students 
from performing the piece this way. One might naturally wonder 1) why then, did the 
person who created this piece of music play it in such a way? and 2) why did he not 
notate it the way he played it? 
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In Nicholas Cook’s Changing the Musical Object: Approaches to Performance 
Analysis he uses a term to describe music – a framework for negotiation. Viewing 
Rachmaninoff’s timings through this lens actually makes sense, as there is an allowed 
amount of difference between what is on the page and what can be heard as correct. The 
martial character of the prelude leads us to expect a strict treatment of the rhythm; instead 
of playing the notes exactly as written, Rachmaninoff instead plays each rhythm 
“wrongly” the same way every time. The consistency then is found in Rachmaninoff’s 
playing and not necessarily in his adherence to the score. This is exactly the message that 
Nicholas Cook stresses in his chapter, that the musical object to be studied is the 
performance and not merely the notes themselves. 
Another intriguing quantitative result from this study is the appearance of the 
exponential function in Rachmaninoff’s ritardandos. In the transition from the A section 
to the B section, we hear a dramatic slackening that seems much more extreme than what 
we might expect. The slowdown occurs during the following excerpt. 
 
  Excerpt 5.2 Op. 23 No. 5: Mm. 30 – 34 
Essentially there is a rather constant tempo for the first two measures of this excerpt, then 
a long seemingly linear ritardando that explodes into an exponential during the last two 
measures. Part of the effect of this lies in the delayed increase; we as listeners hear an 
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initial “normal” slowdown of tempo such as 5-10 bpm per beat, but this quickly changes 
to 20, 30, or 40 bpm slowdown per beat. 
 As a reminder, the timing data for the slowdown and the curve fit have been 
provided in the figure below. 
 
          Figure 5.1 Inter-onset Intervals for Mm. 31 – 34 
The sense of linearity and subsequent exponential increase can be seen clearly above. 
One future study that would be of great merit is one that analyzes all of Rachmaninoff’s 
recordings and attempts to find ritardandos that follow this or other functional 
relationships. This study could be enhanced by also analyzing a vast array of other 
pianists’ recording output and searching for similar patterns. There are other functional 
relationships to search for that do not involve prescribed results such as increase or 
decrease of tempo, but these cases are a far more intuitive place to start. 
80 
There is one more comment regarding the consistency of playing that was 
exhibited in Rachmaninoff’s data; he is able to effect a long accelerando over the course 
of an entire section. This evokes a sense of the inevitable and adds a significant amount 
of drama to his playing. Below is a graph of the A’ section of the G Minor prelude. 
         Figure 5.2 Tempo for A’ Section 
We can first see a clear increase in tempo through roughly the first half of the section, at 
which point the tempo resets and a new accelerando begins. The striking aspect of this is 
that while constantly playing the main rhythm “incorrectly” Rachmaninoff is able to 
maintain a high level of consistency in the larger pulses. His playing displays an amount 
of apparent disorganization on the surface, but meticulous planning when viewed from 
afar. There are alternating periods of high and low variation that he uses to increase the 
tempo. The iconic rhythm 1e 2s1e is played without any strict tempo regulation, but the 
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following 1e 1e1e 1e1e is played consistently (low variance) and this is what is used 
throughout the section to increase the tempo. 
This same behavior was found to occur in the A section of his Prelude in C-sharp 
Minor, but in the opposite direction. Throughout the entire section there is a consistent 
decelerando that occurs in the main theme. Below is a graph of the tempo for the A 
section. 
 
         Figure 5.3 Tempo for A Section 
The regions colored red, black, and magenta represent the main theme, with the 
green and cyan regions representing the transitional sections. There is clearly a 
downward trend in the tempo that occurs over the entire section, with each successive 
theme section picking up the descent where the previous left off. Again, this displays a 
remarkable level of meticulous higher level planning, as even the peaks of the two 
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transitional sections show a downward trend. One can also easily discern the formal 
structure of this section from the timing data. 
This piece also afforded us an uncommon opportunity in that most of the first A 
section is exactly the same as its analog in the A’ section. As we have two datasets whose 
only difference is their appearance in time, we can calculate the correlation between the 
two without having to account for any minor deviations. As we saw in Chapter II, the 
correlation coefficient between the two sections was calculated to be nearly 0.8, which 
indicates a strong relationship between the two. Qualitatively this means that where 
Rachmaninoff took time in the A section, he also took time in the A’ section. 
Another remarkable result is the similarity between Rachmaninoff’s quarter note 
timings and his half-note timings in certain sections. 
         Figure 5.4 Tempo for First Six Measures of B Section (Half Note Pulse) 
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The beginning of the B section shows an increase in tempo (as measured by quarter note 
pulses) that resembles the charging of a battery. What is peculiar is that this same shape 
is seen in the tempo increase as measured by half-note timings. After the first four half 
notes the tempo remains constant for the next half-note pulse. So the tempo increase has 
leveled off upon reaching this value. In the next tempo increase we see the same 
behavior, the tempo reaches nearly 220 bpm and Rachmaninoff plays the following half-
note pulse at exactly the same tempo. 
When viewing data for Rachmaninoff’s Concerto in C Minor, Op. 18, it was 
found that he played similarly to the average of the group of pianists (Kissin, Richter, 
Sokolov, and Van Cliburn) in general, but differed in his approach to the end of the 
excerpt. The specific differences can be seen in the following individual comparisons. 
           Figure 5.5 Comparison of Ritardandos with Curve Fits: Kissin and 
           Rachmaninoff 
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We see that Kissin’s ritardando occurs linearly while Rachmaninoff’s occurs 
exponentially. A similar result was seen when comparing Rachmaninoff with Sokolov. 
Figure 5.6 Comparison of Ritardandos with Curve Fits: Sokolov and 
Rachmaninoff 
Again, there is a linear trend in the data for Sokolov. Both of these pianists’ playing 
contrast sharply with the exponential behavior of Rachmaninoff. 
In the final section of Chapter 4 I calculated the correlation coefficients for 
different pianists playing Rachmaninoff’s Elegie, Op. 3 No. 1. 
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     Table 5.1 Rachmaninoff vs. Group Correlation Coefficients 
Rachmaninoff Wang Lugansky Gavrilov Ashkenazy 
Rachmaninoff 1 0.4706 0.6035 0.6657 0.3739 
Wang 0.4706 1 0.7633 0.6335 0.5218 
Lugansky 0.6035 0.7633 1 0.7654 0.6536 
Gavrilov 0.6657 0.6335 0.7654 1 0.6172 
Ashkenazy 0.3739 0.5218 0.6536 0.6172 1 
Lower values of the correlation coefficient mean the two pianists played less like each 
other. I introduced a custom metric, γ, defined by summing the values in each column 
that gives an idea of how uniquely a given pianist plays. These values are given below. 
     Table 5.2 Rachmaninoff vs. Group γ Values 
Rachmaninoff Wang Lugansky Gavrilov Ashkenazy 
𝜸𝜸 2.1137 2.3892 2.7858 2.6818 2.1665 
The low value of  γ means that Rachmaninoff played in such a way that was different 
from every other pianist. The same can be said for Ashkenazy as his value in the above 
table is almost as low as Rachmaninoff’s. From Table 5.2, we see that the 
Rachmaninoff/Ashkenazy correlation coefficient is 0.3739, which is much lower than 
that of any other pianist pair. So not only did Rachmaninoff and Ashkenazy play the least 
like the group as a whole, they also played the least like each other out of any pair of 
pianists.
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APPENDIX A 
ANNOTATED SCORES
Prelude in G Minor, Op. 23 No. 5 
Prelude in C-sharp Minor, Op. 3 No. 2
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APPENDIX B 
DEGREE RECITAL PROGRAMS 
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